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PERTURBED-MORSE-OSCILLATOR WAVEFUNCTIONS AND THEIR APPLICATION
TO CALCULATION OF FRANCK-CONDON FACTORS
CHAPTER I 
INTRODUCTION
The c a lc u la t io n  o f  ro ta t io n a l  and v ib ra t io n a l  motions 
o f  d iatom ic m olecules i s  u s u a lly  based on th e  r o ta t in g - o s c i l l a to r  
m o d e l , i n  which to  a good approxim ation th e  w avefunction fo r  th e  
m olecu lar s t a t e  i s  th e  p roduct o f  e le c tro n ic  and n u c lea r wave func­
t io n s ,  The r a d ia l  SchrBdinger equation  fo r  th e  ro ta t in g  o s c i l l a to r  
i s  given by
where r  i s  in te rn u c le a r  d is ta n c e , y reduced mass, and v and J  a re  
v ib ra t io n a l  and ro ta t io n a l  quantum numbers, re s p e c tiv e ly .
There a re  a t  p re sen t th re e  s tan d ard  approaches fo r  t r e a t ­
ing th e  v ib ra t io n a l  motion o f  a d ia tom ic m olecule. F i r s t  i s  th e  
Dunham^^) method, in  which th e  v ib ra t io n a l  p o te n t ia l  energy V(r) i s  
expressed  as a power s e r ie s :
VU) = hca^S ^d  + a u  + + . , .)  , (1 . 2)
where
and where i s  th e  eq u ilib riu m  se p a ra tio n . The energy e igenvalues 
and ro ta t io n - v ib ra t io n  param eters fo r  t h i s  p o te n t ia l  have been 
c a l c u l a t e d v i a  th e  W.K.B. approxim ation and can be matched w ith 
em p irica l va lu es  to  determ ine th e  c o e f f ic ie n ts  a^ o f  th e  s e r ie s .
The drawbacks o f  t h i s  method a re  th a t  a p o w er-se ries  p o te n t ia l  has 
poor convergence p ro p e r t ie s  and th a t  i t  does n o t produce a n a ly t ic  
w avefunctions.
The second approach, c a l le d  th e  method, i s  a compu­
t e r  c a lc u la t io n  in  two s te p s :  f i r s t  producing V (r) from th e  observed
v ib ra t io n a l  s p e c tra  v ia  th e  c la s s ic a l  tu rn in g  p o in ts  and th e  WKB 
approxim ation , then  o b ta in in g  e ig en fu n c tio n s .
The th i r d  approach invo lves th e  use o f  a " r e a l i s t i c
f41p o te n t ia l"  w ith  a n a ly t ic  s o lu t io n s ,  such as th e  Morse p o te n t ia l
given by
VCr) = V^[exp(-2au) - 2 ex p (-au )] , (1 .3 )
where u = r - r ^ ,  in v o lv in g  th e  th re e  param eters (w ell d e p th ) ,
r  and a. For convenience, we d esc rib e  th e  Morse o s c i l l a t o r  by e
th e  th re e  param eters p ,  a ,  and t  d efined  by
P = a r  , (1 .4a)
[ 2üV J
0 = C1.4b)
The param eter o i s  approxim ately  th e  number o f  bound s ta t e s  o f  th e  
Morse o s c i l l a t o r ,  roughly  While th e  Morse p o te n t ia l  has
a n a ly t ic  s o lu tio n s  and i s  p robably  th e  b e s t  th re e -p a ram e te r  model
fo r  a c tu a l m o lecu les, i t  f a i l s  to  d e sc rib e  f in e r  sp ec tro sco p ic  
d e ta i l s .
H uffaker and D w i v e d i s h o w e d  th a t  p e r tu rb a tio n  methods 
may be a p p lie d  to  th e  Morse o s c i l l a t o r  to  any o rd e r. The p e rtu rb ed  
Morse o s c i l l a t o r  (h e re in a f te r  ab b rev ia ted  as PMO) w ith  p o te n t ia l
8
V(u) = V [(1  - ex p (-au ))2  + I  b (1 - exp (-au )) ] , (1 .5 )
® n=4
where u = r - r ^ ,  has been shown to  be a u se fu l m o d e l f o r  ro ta t io n a l-
v ib ra t io n a l  motion o f  d ia tom ic  m olecules. This p o te n t ia l  converges
fo r  a l l  r  (except fo r  a s in g u la r i ty  a t  r= 0 ) , and i t s  param eters
a re  r e la te d  to  th e  d is s o c ia t io n  energy by
Dg + ^v=0 , J =0 ~ Vg(l + bij + bÿ + be + . . . )  . ( 1 - 6 )
H uffaker^^) used p e r tu rb a tio n  th eo ry  to  c a lc u la te  form ulas fo r  p e r ­
tu rb ed  energy le v e l s .  From th e se  form ulas one can d e riv e  values 
o f  th e  Morse param eters p , a , and t  and th e  p e r tu rb a tio n  param eters 
b ^ , b e , b e , h j and bg from sp ec tro sc o p ic  d a ta . The param eters fo r  
th e  unpertu rbed  Morse o s c i l l a t o r  which b e s t re p re se n ts  th e  a c tu a l 
p o te n t ia l  f o r  sm all va lu es  o f  u a re  determ ined from experim ental 
v a lu es  o f  and o^ , a t  l e a s t  to  a f i r s t  approx im ation , as
fo llow s ;
p = (OgiOg + 6B ^)/6B  ^ ; (1 .7a)
“ I




One can a lso  determ ine th e  f i r s t  f iv e  p e r tu rb a tio n  param eters from
Ü) X , Y , Ü) y , 6 , and w z . Formulas fo r  th e  f i r s t  th re e  a re  e e  e e e  e e e
bif = j [ l  - (a^WgX^/x)] , ( 1 . 8a)
b5 _=  ( 5 p 3 ) - l [ ( 2 o 4 p 6 Y ^ / 3 T )  + 7 p 3 / 6  -  2 3 p 2 / 4  + lOp
- 5 - 3p2b4(p-l)] , (1 . 8b)
bg = j[2a3(D^Xg/x + bit - 5b5 + 17b^/4] _ (1 .8c)
In a s im ila r  fa sh io n , form ulas fo r  by and bg may be w r it te n  in
term s o f 6 and w z .e e e
In a subsequent p ap er, H uffaker used th e  WKB method to
(7)extend th e  PMO a n a ly s is  up through b i 2 - In more a ccu ra te  
a n a ly se s , Eqs (1 .7 ) and (1 .8 ) p ro v id e  f i r s t  approxim ations to  be 
used in  an i t e r a t i v e  c a lc u la t io n .  The h ig h e r-o rd e r  c o rre c tio n s  
a re  most im portan t fo r  m olecu lar s t a t e s  having few v ib ra t io n a l  
l e v e l s ,  and, con seq u en tly , sm all va lu es  o f  0 .
There a re  se v e ra l advantages to  th e  PMO approach. F i r s t ,  
s in ce  th e  Morse p o te n t ia l  is  a good approxim ation to  th a t  o f  a c tu a l 
m olecu les, th e  p e r tu rb a tio n s  a re  sm all and th e  convergence p ro p e r­
t i e s  o f  th e  p e r tu rb a tio n  s e r ie s  a re  very  good. Second, th e  form ulas 
fo r  th e  energy le v e ls  a re  much sim p le r than  th o se  o f  Dunham.
H u f f a k e r a p p l i e d  th e  PMO approach to  th e  ground s t a t e  o f  CO 
and found e x c e lle n t agreement w ith  RKR r e s u l t s .  F in a l ly ,  as we w il l  
show in  th e  next c h a p te r , an a d d itio n a l advantage o f  th e  PMO is  
th a t  one can o b ta in  a n a ly t ic  wave fu n c tio n s  which a re  l in e a r  combi­
n a tio n s  o f  Morse e ig en fu n c tio n s .
In ch ap te r I I  we use f i f th - o r d e r  tim e-independent p e r tu rb a tio n
th eo ry  o f d i s c r e te ,  nondegenerate s ta te s  to  c a lc u la te  PMO wavefunc­
t io n s .  Our p e r tu rb a tio n  c o n s is ts  o f th e  p o te n t ia l  o f  Eq. (1 .5 ) p lus 
r o ta t io n a l  energy •h ^ J (J+ l) /2 y r^ .
An im portan t a p p lic a tio n  o f v ib ra t io n a l  w avefunctions 
concerns th e  c a lc u la t io n  o f r e l a t iv e  i n t e n s i t i e s  o f  d i f f e r e n t  v ib ra ­
t io n a l  bands in  e le c tro n ic  s p e c tra  o f  d ia tom ic  m olecu les . For a 
t r a n s i t io n  between e le c tro n ic  s ta t e s  n ' and n " , we must use a 
d i f f e r e n t  PMO p o te n t ia l  fo r  each s t a t e .  In  th e  r o ta t i n g - o s c i l l a to r  
model, th e  w avefunction fo r  a d iatom ic m olecule in  e le c t ro n ic  s ta t e  
n ' ,  v ib ra t io n a l  s t a t e  v ' ,  and ro ta t io n a l  s t a t e  J ' i s  th e  product 
o f  an e le c t r o n ic ,  a v ib r a t io n a l ,  and a r o ta t io n a l  f a c to r :
. C1 . 9)
The p r o b a b i l i ty  o f  an e le c tro n ic  t r a n s i t io n  between s t a t e s  N’ = 
( n ' , v ' , J ' )  and N" = (n " ,v " ,J " )  i s  p ro p o r tio n a l to  th e  a b so lu te  value 
squared o f  th e  m a trix  elem ent o f  th e  d ip o le  moment M:
I < N ' '  I'  = • (l-IO )
The in te g ra t io n  over r o ta t io n a l  e ig en fu n c tio n s  may be 
c a r r ie d  ou t in d ep en d en tly , and produces a f a c to r  , c a l le d
th e  Honl-London fa c to r .  Since th e  e le c tro n ic  fu n c tio n s  invo lve  th e  
in te rn u c le a r  d is ta n c e  r  p a ra m e tr ic a lly , th e  in te g ra t io n  over th ese  
fu n c tio n s  produces a q u a n tity  which a lso  depends on r:^^^
Cr) = /  M^®*) dT^Gü) . (1 .1 1 )n 'n "  ■' n ' n"
This fu n c tio n  should  then  be included  in  th e  in te g r a l  over d r ,  so
th a t
i w i ^ ' W  I / < ! " ’’’ ( 1 . 12)
fejj,')In  p r a c t ic e ,  i t  i s  u su a lly  assumed th a t  depends only very
s l i g h t ly  on r ,  and th a t  i t  may be rep laced  w ith  an average value 
^n^n" ' t h i s  case , we may w rite
|R|2 = S j , j „  I R % ?,|2  , (1.13)
f91where th e  q u a n tity  q^,.^„ , c a l le d  th e  Franck-Condon f a c to r  (FCF) 
because o f i t s  obvious a s s o c ia tio n  w ith th e  Franck-Condon p r in c ip le ,  
i s  th e  ab so lu te  value squared o f  th e  o verlap  in te g ra l  o f v ib ra t io n a l  
e ig en fu n c tio n s  :
i w "  = I /  * | 2 . (1.14)
The s e t  o f  values o f  q.^,.^,, ( fo r  fix ed  n*, n " , J ' ,  and J " )  i s  c a lle d
a FCF a rra y . FCF a rra y s  should th u s  be r e la te d  to  th e  in te n s i ty
d is t r ib u t io n  between d i f f e r e n t  v '+ v "  bands across  an e le c tro n ic  
band system.
The s e t  o f  fu n c tio n s  fo r  vary ing  v ' (and lik ew ise
^n"v"J" vary ing  v") form an orthonorm al s e t  o f  fu n c tio n s . Since
th e  number o f such bound s ta t e s  i s  f i n i t e ,  th is  cannot be a complete
s e t  o f  fu n c tio n s ; n e v e r th e le s s , i t  behaves much l ik e  a com plete s e t
when used to  expand o th e r  fu n c tio n s  w ith s im ila r  boundary co n d itio n s  
a t  r  = 0 and r  = “ . In  p a r t i c u la r ,  we may use th e  s e t  j , to
expand th e  fu n c tio n  and v ice  v e rsa . To th e  e x ten t th a t  th e se
behave l ik e  complete s e ts  o f orthonorm al fu n c tio n s , we would expect 
th e  FCF a rray s  to  obey th e  fo llow ing  sum r u le s :
I %«v" “  ^ ‘V'v" ”  ^ ' (1-15)
V ' v"
Of p rev ious c a lc u la tio n s  o f  FCF a r ra y s ,  th e  most popular 
choices fo r  v ib ra t io n a l  e ig en fu n c tio n  have been RKR fu n c tio n s  and 
Morse fu n c tio n s  ( fo r  J=0) and M o r s e - P e k e r i s f u n c t i o n s  (fo r 
Jj^O.) In  Chapter I I I ,  we use perturbed-M orse w avefunctions fo r  
both upper and lower e le c tro n ic  s ta t e s  to  c a lc u la te  FCF a rra y s  fo r  
sev e ra l e le c tro n ic  t r a n s i t io n s  in  N2 , Nag and TiO and compare our 
r e s u l t s  w ith  th o se  o f  pure Morse and RKR c a lc u la t io n s .  We a lso  
in v e s t ig a te  th e  degree to  which th e  sum ru le  i s  obeyed.
The d i s t r ib u t io n s  o f r e l a t iv e  r o ta t io n a l  and v ib ra t io n a l  
i n t e n s i t i e s  in  d ia tom ic  band sp e c tra  a re  used fo r  measurements o f 
e f fe c t iv e  tem peratu re  in  flam es and s t e l l a r  s p e c t r a . B e f o r e  1958 
i t  was a g en era l tendency to  n e g le c t th e  v ib r a t io n a l - r o ta t io n a l
(12 13)in te r a c t io n  in  computing FCF overlap  in t e g r a l s .  Learner and Gaydon ’ 
f i r s t  p o in ted  ou t th e  need to  in c lu d e  r o ta t io n a l  e f f e c t s  s in ce  th e
p o te n t ia l  fu n c tio n s  o f  which and a re  e ig en fu n c tio n s
co n ta in  c e n tr ifu g a l  term s ^  in v o lv in g  th e  in te rn u c le a r  d i s ­
tan ce  r  and th e  r o ta t io n a l  quantum number J .  T herefore  th e  e igen ­
fu n c tio n s , th e  FCF, and th e  v ib ra t io n a l  t r a n s i t io n  p r o b a b i l i t i e s  
should a lso  depend to  some e x ten t upon J .  To express th i s  dependence 
on J we use th e  fo llow ing  n o ta tio n  fo r  th e  FCF a p p ro p ria te  to  the  
t r a n s i t io n  v 'J '-n r" J "  :
I  ( r )  (r)dR (1.16)
where and a re  th e  e ig en fu n c tio n s  o f  th e  n u c lea r mo­
t io n  fo r  upper and lower e le c tro n ic  s t a t e s  re s p e c tiv e ly .
S ince th e  PMO w avefunctions in  Table I I  co n ta in s  th e  
J-dependence, we can use them to  c a lc u la te  q ^ , j ,  ^ „ j„  ■ This i s  done
in  Chapter IV, where we c a lc u la te  th e  e f f e c t  o f  th e  v ib ra t io n - ro ta t io n  
in te ra c t io n  on FCF fo r  th e  Ca2 m olecule and compare our r e s u l t s  w ith  
an RKR c a lc u la t io n .
C hapter V co n ta in s  a d isc u ss io n  o f  th e  accuracy  and u s e f u l­
ness o f  our PMO w avefunctions.
Appendix A d esc rib e s  th e  p e r tu rb a tio n  form alism  through 
f i f t h  o rd e r . M atrix elem ents o f  powers o f  [exp(au) - 1] a re  g iven in  
Appendix B.
CHAPTER I I  
PERTURBED MORSE WAVE FUNCTIONS
The r a d ia l  Schrodinger eq u ation  fo r  th e  Morse o s c i l l a to r  
[see Eqs. (1 .1 ) and (1 .3 )]  i s  g iven by
+ | z  [E - Vg{exp(-2au) - 2 e x p (-a u )}]¥ = 0 , (2 .1 )
where u = r - r  , and th e  energy e ig envalues can be w r it te n  as 
6
Ey + Vg = o t (V  + %) - J  (V  + %)2 , (2.2A)
where
t  = , (2 .28)
and where a i s  d e fin ed  in  Eq. (1 .4 ) .  The e ig en fu n c tio n  fo r  th e  ground 
s t a t e  (v=0) , i s
(cT-'$) a Mr (20- 1) I exp[ - (o-!g)au -  oexp (-au )] . (2 .3 )
To c a lc u la te  th e  e ig en fu n c tio n s  fo r  o th e r  v ib ra t io n a l  s t a t e s ,  we use 
th e  re c u rs io n  r e la t io n  given  by H uffaker and Dwivedi:
(e““  - 1)1^  = * CyYy . (2 .4 )
where A  ^ and C^ a re  g iven by
V 2 (o-v)
v ( 2o-v) 
(o-v-^)(a-v+% )
1*^  
W \  '
r  = 2o(v+%) - v (v+ l) 




Then by Eq. [2 .4 ) th e  e ig en fu n c tio n s  fo r  v ib ra t io n a l  le v e ls  v = 1 , 2 , . . .  
can e a s i ly  be c a lc u la te d  by
Ti = [expCau) - 1 - , (2 .7a)
[exp(au) -  1 -  CjWi  -  AiŸ 1
A2 '
(2 .7b)
Tg = [{exp(au) - 1 -  CglYz - AgVi]-^- , (2 .7c)
'^ V Ay - 1 -  Cy_^}Vy ~ Ay^^Yy^g] * (2 .7d)
The w avefunctions g iven by Eqs. (2 .3 ) and (2 .7 ) a re  norm alized .
As shown in  th e  in tro d u c tio n , th e  in te rn u c le a r  p o te n t ia l  
can be expressed  as th a t  o f  a PMO given in  Eq. (1 .5 ) .  For sm all 
va lu es  o f  b^ , th e  t ru e  p o te n t ia l  can be w ell approxim ated by
V(u) = h c rT d  - e"^")^  + I  b (1 - e ‘ ^ ^ )" l . (2 .8 )
L n=4 J
I f  th e  m olecule has r o ta t io n a l  quantum number Jji^ O we must add th e  
r o ta t io n a l  k in e t ic  energy , g iven by
Er = ^ J ( J + 1 )  . (2 .9 )
This n o n rig id  r o ta t io n a l  energy can be expressed  in  th e  form,
= K I  P , ( p )  ( e ““  -  1 ) »  = -  D  *  -  1 ) 2
.  - 1)3 .  -  D -  .  - 1) =
+ F ro t(e * "  - 1)6  + , (2 . 10 )
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K = (2.11)
and th e  polynom ials P^Cp ) a re  g iven  by H u f f a k e r . F o r m u l a s  fo r  
\ o t  ’ • • • ’ ^ ro t fo llow s
\ o t  ^ 
hc p (2 . 12a)
g
- ^  = f j .  (PH-3) : (2.12b)
^  ( | p =  * 3p ^ 4) : (2.12c)
p : + 6p + 5) ; (2.12d)
E
= ^  ( | o'* + I  p3 + 7p2 + lOp + 6) ; (2 . 12e)
(3T + 5 # ^  p '  + p : + P '+  ^^P + ?) ' C . i 2f )
Following i s  th e  form alism  we use  fo r  f i r s t ,  second, th i r d ,
fo u r th  and f i f t h  o rd e r tim e-independen t p e r tu rb a tio n  th eo ry  o f  d i s ­
c re te  non-degenera te  s t a t e s .  The unpertu rbed  Ham iltonion H° has 
e ig en fu n c tio n s  and e igenvalues r e la te d  by
Hn 'i'°= E° , (2 .13)" m m m
where and a re  g iven by Eqs, (2 .7 ) and (2 .2a) re s p e c tiv e ly .
The p e rtu rb ed  Ham iltonion H i s  th e  sum o f  H° and th e  p e r tu rb a ­
tio n  XH' :
H = Hq + XH'
= V  *  " r o t
12
where i s  th e  r o ta t io n a l  energy o f Eq. (2 .10) and i s  given 
by
H = hcT I  b ( l - e “^^) = hcT J C (e^^-1 )”  (2.14)
P®' n=4 ^ n=4 "
where, as shown by H u f f a k e r , t h e  c o e f f ic ie n ts  a re  r e la te d  to  b^  ^
by
C4 = b% , (2.15a)
C5 = bs - 4bi| , (2.15b)
Ce = be - 5bs + lObi^ , (2.15c)
Gy — by - 6be + ISbg - 20bi| . (2.15d)
Thus our t o t a l  XH* can be w rit te n  as
XH’ = A[exp(au) -  1] + B[exp(au) - 1]% + C[exp(au) - 1]
+ D[exp(au) - 1]4 + E[exp(au) - 1]5 + F [exp(au) - 1 ]®
+ G[exp(au) - 1]?  , (2.16)
where
A = \ o t  '
® = ®rot ’
^ = ^ ro t '
D = , (2.17)
G = Efot + ^5 ,
P = P ro t + Cs ,
G = Gy .
Using th e  binom ial expansion, we expand th e  v a rious q u a n ti t ie s  
needed in  th e  p e r tu rb a tio n  c a lc u la tio n s  in  th e  form.
|3
13
n -h % , T  ^  (n-%)^ + J
2cr 1 * a ' 0 ^ (2.18)
2n . 3n^ + % . 4n^ + n .
Cy = 3-  + + (2.19)
= -(tT v ") [1 + ^ + 0  + . . . ] ,L2 i V (2 . 20)
where
u = n + Y n = V + %
An a n a ly s is  o f  p e r tu rb a tio n  eq u a tio n s  g ives us th e  ru le  th a t  
th e  lo w est-o rd e r term  o f - l)^ ^ ^ d r  i s  o f  o rd e r 0 fo r
m=n, n -2 , n -4 , . . .  , and i s  o f  o rd e r g - (n + l) /2  m=n-l, n=3, n -5 , . . .  ,
w hile th e  lo w est-o rd e r term  o f  th e  energy denom inator (E^ -
i s  o f  o rd e r o . Consequently th e  term  in  Eq. (2 .17) invo lv ing  Cit i s  
o f  o rd e r 1, C5 i s  o f  o rd e r 3 /2 , Cg i s  o f  o rd e r 2, and C7 i s  o f  o rd e r 
5 /2 . The ex ten sio n  o f  th e  concept o f  o rd e r to  r o ta t io n a l  e f f e c ts  
i s  n o t as s tra ig h tfo rw a rd , s in ce  r o ta t io n a l  p e r tu rb a tio n  in c lu d es  
powers o f  K, which i s  p ro p o r tio n a l to  a ,  as w e ll as power o f  o"^ 
a r is in g  from th e  p e r tu rb a tio n  equations them selves. We a r b i t r a r i l y  
d e fin e  th e  q u a n tity
J (J + l) /(o p 3 )  = oK/p 
to  be o f  o rd e r zero (o rder-o f-m agn itude  u n i ty ) ,  so A i s  o f  o rd e r h ,
B o f  o rd e r 1, . . .  , e tc .  The o rd e r o f  a p e r tu rb a tio n  term  i s  th e  sum 
o f  th e  o rd e rs  o f  i t s  f a c to r s .  Thus A^B i s  o f  o rd e r 5 /2 . We choose to  
in c lu d e  a l l  term s o f  o rd e r 5 /2  o r l e s s .  I f  th e  o rd e r o f  a  given term
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i s  3/2 o r sm a lle r , we need more term s o f  th e  expansions fo r  A^, C^, e tc .  
S ince th e se  a re  expansions in  powers o f  each a d d it io n a l term  
in c re a se s  th e  o rd e r by u n i ty .  (Thus we need th re e  term s in  th e  p e r ­
tu rb a tio n  in  A, e t c . )
Our p e r tu rb a tio n  form alism  i s  d e sc rib ed  in  Appendix A. The 
m atrix  elem ents o f  powers o f  exp(au ) -1 may co n v en ien tly  be c a lc u la te d  
from th e  form ulas o f  Appendix B, which c o n ta in s  a l l  term s which con­
t r i b u te  to  w ave-function  c o rre c tio n s  o f  o rd e r 5/2  o r  l e s s .
The r e s u l t s  o f  th e  p e r tu rb a tio n  c a lc u la t io n  fo r  v ± l, v±2, 
v±3, v±4, . . .  , v+9, a re  g iven  in  Table I ,  grouped by th e  o rd e r o f 
p e r tu rb a tio n  and then  a lp h a b e t ic a l ly .
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TABLE I
P e rtu rb a tio n  term s c o n tr ib u tin g  to  c o e f f ic ie n ts  w ith  m - 9,
j < 4 , k ^ 4, and w ith  A ^ 5 f o r  odd m and & ^ 4 fo r  even m. P ara­
m eters A, B, . . .  , G a re  d e fin ed  by Eq. (2 .17) and a by Eq. (1 .4 b ) , 
w hile  n = V + h.
rv±l1 S ta te
F i r s t - o r d e r  C o rrec tio n
P^1
e
|A[±a3 + a 2 (± 1 1  n - 1 1 ) + c(±  ~ ^
+ B[o2(±4n - 2) + o(±17n2 - 17n ± |^)]
+ C[o^(±Y n -  j )  + o ( ± ^  n^ - ^  n ± |^)]
+ D[a(±12n2 - 12n ± 7) + (±125n3 - IZi ± n - ^ ) ]/  4 o
.  p ^ „ 3 . 2 0 | S „ , , 5 0 U „ . ^ , j  
+ F[±30n3 - 45n2 ± Z|i n -
S econd-order C o rrec tio n
4V^ae
|A 2[a3(±2) + o2 (± |Z- n + 1 ^ )]
+ A B [,3 (_  Ï  ± |A )  + o 2 (_  n2 ± n + 1 0 2 5 ,]
+ AC[o2(- |n2 ± l ^ n  + 1^)]
+ AD[ct2(_ ± 1 2  n + 2) + o(_  2 1  n3 ± 191n2 + ^ Z | i  „  ± 100)]
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TABLE I (continued)
+ AE(u(-5n® ± ^  * -1|5- n ± ^ ) ]
*  B 2 [ o 2 ( - n 2  ± 9n ♦ 1 ^ )1  + BC[(j2C- *  H "  *
+ BD[crC- n 3  ± ^  *  53 n  ± 3 2 ) ]
* B E [ < ,C - ^ n 3 ± |p . „ 2
* C D [ a C - § n 3 i g = „ 2 . | | | i n ± g H ) l
, D 3 [ . f n ^ ± l | I „ 3 . M Z „ 2 , i | i l „ . S ]
T h ird -o rd e r C o rrec tio n
^  {a3[c-C± Ï  + 1 ) » o3(± g  „2 .  I  „  ± ! « ) ]
8 v ye
+ A3B[o3[±3n3 + 3n ± ^ ) ]  + a3c]o3(± ^  ^  n ± |^ ) ]
+ a3d [cj2 c± |5 . r f  * |S  n ± 67n - ^ ) ]  + Ab3 [c3 ( |  n ± |^ ) ]
* A B D [.3 (i s i  * l | | i „ 2 ,  16789 „ . 4 5 | 5 , j
.  A D lt.C t I f  n3 .  g ”  „3 -  l l f n  ± I f ) ]
. A 3 E [ . 3 c | | „ 3 . | g „ 2 , | | S „ . g | „ }
F o u rth -o rd er C o rrec tio n
P±1
16V‘*cre
37% I  n - t ”  * A 3 0 [° :(- W  - 7 ÏT -  "  "
17
TABLE I (continued) 
F if th -o rd e r  C o rrec tio n
P ; i
32V|c
(V±2) S ta te  
F ir s t - o rd e r  C o rrec tio n
^  | b [c2(± %) + a(± I  n - | ) ]  + C[o(±3n -  3)]
+ D[a(±n - 1) + (±20n2 - 4On ± ^ ) ]
+ E[±10n2 - 20n ± 1 5 ]  + F[± n^ -  n ± | | ^ ]
Second-order C orrec tion
P+
^e-
| a 2 [c3 ()5) * n ± | ) 1  * AB[<t2(4ii ± S)]
* A C [(j2(in  ± ^ ) ]  + B2[a2(± !s)] + AD[<i(|2.n2 ± n t  24)]
.  A E b t f f  „2 ± | 5  „  * | | , ]  .  bD [.( -  ^  ± i f  „  .  I l f ) ,
- I f l }16 ■ 16 64
T h ird -o rd e r C orrec tion
P
8V|^ |A 3 [ a 3 ( - 2 )  4. A2B[a3(. | ) ]  + A^DEo^Ci § 1  _ | | I  n ± ^ ) ] j -
F o u rth -o rd er C orrec tion
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TABLE I (continued) 
V+3 State
First-order Correction
Pi5 |c[a2(± i) + a(± ||n - -p-)]
+ D[o(± Y n - 4) + (± ^  n^ - 62n ± ~|~)]
+ E[a(± §  n - | )  + (± *2 _ 515 *  + 5515)]




| t 2 {AB[a3(îs) + cr2 ( | i n  ± ^ ) ]  + AC[a2(3n ± ^ ) ]
+ AD[o2(2 n ± |1) + a(||5 ± Z|13 * + i04|7)]
+ B2[a2(2n ± !■)] + BC[a2(|n ± g-)]
+ AE[a(|^n2 ± n + ^ ) ]  + AF[oC| n2 ± n + | | i - ) ]
+ B D [,( |I  n2 ± 129 n + | | I ) ]  + BE[,(49 n% ± n + Z |?)]
+ CD[,(2 i  *2 1 n  + /»> )]
+ D 2 [ | l n 3 ± 2 |Z .n 2  + * | 2 n ± 3 | | l . ]
+ + liar " *
T h ird -o rd e r c o r re c t io n
P ' --------------------
|A 3 [a -(±  i )  * <;3t± § n  -  g . ) ]  4. A2B[,3(±2n -  5 )]
e
+ a2c[o3(± j  n - —.)] + A2D[o2 (±6n2 - ^  n ± j | ^ ) ]
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TABLE I (continued)
AB2 [o^  ±-i n - ~ 3 ] + ABD[o2(3^  ^  + \W"3 ]32 32 16 128
+ A^E[o2 (± 1 4 n + ^ ) 1  40 40 “ 480









2V ^ | d[o{±%) t  C±2n-4)1 + E[± | n  - S] + F [i | n |l
Second-order Correction
41,|AC[a2(i) + o2(| n ± ||] + AD[a(| n ± ^)] + AE[a(^ n ± ^)]
+ B 2[a2(i) + a(n  ± ^ ) ]  + BD[a(^ ± | ) ]  + CD[lln2 ± 39n + %^8
+ D2 [ § i ± ^ n + 3]|
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TABLE I (continued) 
Third-order Correction










^ { A D [ o 2 tW + n * * r - ) )
* A F [ c ( |n  ± | | | ) ]  * * B D [c(|.n  ± | | ) ]
* BE[fc| j  n ± § ) ]  * CD[t ( ^  n ± g | ) ]
Third-order Correction
^~§/2 {a^C[03(± |)] + A2D[a2(± j n - 5)] + A^EEa^Ci |y n - |1)] 
e
+ AB2[o3(± i)] + ABD[o2(± n - ||i)]
+ AD2(a(± |n2 - n ± ^ ) ] }
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TABLE I (con tinued) 
F o u rth -o rd e r C o rrec tio n
"  -  9 6 'l}
F if th -o rd e r  C o rrec tio n
(V±6) S ta te
F ir s t - o r d e r  C o rrec tio n
2Ve&  { ' [ *  I ' }
Second-order C o rrec tio n
P±6
4V,o2 AE[0 ( i ) ]  + BD[a(|)3 + ± | _ ] |
T h ird -o rd e r C o rrec tio n
(V±7) S ta te
F i r s t - o r d e r  C o rrec tio n
2V a e
* l n  I " ' *  7 ' }
Second-order C o rrec tio n
22
TABLE I (continued)
T h ird -o rd e r C o rrec tio n
P.
; 0 7 2  è ]  * ABD[.Z(± i ) ]  * A D :[.(±  | §  n -  | | | | ) ] }
SV^o
F o u rth -o rd er C o rrec tio n
{ A:D [ .3  ( _L  ) ] I
(V±8) S ta te
Second-order C o rrec tio n
P.
4V2a2e
(V±9) S ta te
Second-order C o rrec tio n
Pu±9
4V2a5/2 { DE [ 20 ] }
T h ird -o rd e r C o rrec tio n
8Vl&e
*5/2 { AQ2 [ 0 ( ± 22 ) ] }
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By using  Eq. (2 .1 2 ) , (2 .1 5 ) , and (2 .1 7 ) , we can re w rite  
th e  w avefunction c o rre c tio n  in  term s o f  PMO p aram ete rs . We express
PMO w avefunctions in c lu d in g  r o ta t io n  in  th e  form
+ Z ACv.J.ni)»» " Î  , (2 . 21)
m m
where A(v,J,m ) and B(v,J,m ) a re  expressed  as fo llow s in  term s o f  a ,
£
p, J  and c o e f f ic ie n ts  :
A(v,J,m ) = P I  % n i ( o p 3 ) - k [ j ( j+ l ) ] k  I  X*.. ; (2 .22)
j =0 k=0 &=0
B(v,J,m ) = P m I  n j ( o p 3 ) - k [ j ( j+ l ) ] k  I  (2 .23)
j =0 &=0
where
p -  r (n±%)(n±3/2) . . . (n+m;%)y% rn oAiP±m -  L ^
and
n = V + h • (2 .25)
The c o e f f ic ie n ts  w ith  m - 9, j  -  4 , and k ^ 5 a re  g iven  in
aTable I I  in  term s o f  bi^, bg, bg, by, and p', a and t .  Note th a t  X ^^^ 
and X^^j^ a re  r e la te d  by X^^^^ = ± x \ ^  . Which, s ig n  to  use  i s
in d ic a te d  in  Table I I  by w hether (+) o r ( - )  p recedes X^^^ .
The p e rtu rb ed  w avefunctions g iven  by Eq. (2 .21) a re  unnor­
m alized . The c o r r e c t ly  norm alized w avefunction may be c a lc u la te d  a f -
£t e r  s u b s t i tu t io n  o f v a lu es  o f  th e  q u a n t i t ie s  X^^^ fo r  d i f f e r e n t  v ib ra ­
t io n a l  le v e ls :  th e  c o r r e c t ly  norm alized p e rtu rb ed  Morse w avefunction
i s  given by
+ I  + A i0r,J)Y O +,]
y,. = ■ ■    . (2 .26)




C o e ff ic ie n ts  fo r  r o ta t io n a l - v ib r a t io n a l  w avefuncitons o f  a p e rtu rb ed  
Morse o s c i l l a t o r .  Wave fu n c tio n s  a re  g iven  by Eq. (2 .21) and v a rio u s  
param eters a re  d efined  by Eqs. (2 .17) and (1 .4 ) .
X+100 = 16 ^ 5]
^:lOO = _ ^ b y  _ g l b ^  + # b , b , ]
x | i i o  = [-b4 - 4 bs]
^^^110 ^  + _ g i b ,  - + I g g b ^ b , ]
X+120 " -t"b it - 4 bs]
^ ^ 1 2 0 = [ - ^ ^ 6 - | § ^ b ; + | § b g + § | | l b 4 b s ]
*±140 " ^  ■ M l  bVbs] 
*±101 - [ 1]




? - [ ( |- p :
> 15 
8 - P
±1 ,,2 7 ii 121
'•'•128 P^ - 64
+ b4p2(- 6851536 p2 4
1857 1213\ . ^ qu-205 . 2385^P -  + b g p ^ ^  p + C T^)1024 ^ 256 ^512 512
,3943
256 V " "4M 4 024- b6P \ M # )  + b g p 4 ( ^ ) ]
±1




[ C f  p-
109 
“ 16x L i i  = jV  t g - - i f  f  - f  P *
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TABLE II (continued)
- b,p2(- ^  p - i ^ )  .  b5p3(- ^  p +
-  " S P " #  * ^  b |p b ]
%!i2i '  p' + I& -  i r  p + î r )
* w p ^ t -  i f  p^ -  p - * w = ( -  i f  p + # )
- b 6P ' ( | f )
x±131 °  f  (bbC - 1 5 2  P^ " I 5 T  P *  3%) *  b s P ( -  Î 5 Y  P -  S f )  
^ # b s p 2 _ b g p : ( | | | ) ]
y 5  _  + r M _ l  
^±141 -*-128J
X|l02 = f
x |io 2  = p : -  P - i r )  " b4P=(55;& '  "
i É i  K..31 
256 bsp3]
^ L i 2 = F
* lu 2  " [ ( f i f  p* - ^  p - f )
- "bP' ( i f f  p - î i f ’ - ü  'p^p'] 
=‘li2 2  = ^ t ( i | p ’ * 5r p ^ - | r p 4 )
* k , P ' ( | & P  - #  ^ #  b ,p3]
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TABLE II (continued)
*±103 °  f '  i l
* : i 0 3  '  i i  b „ 2 ]
* l l l 3  = f i B I
* l l l 3  '  i i l ( -  i i z  pz .  3 |3  p _ 77) + 1735 ^ ^ ,2 ]
*±123 ‘  | i  " Ü i  - T  * f l  - Ü r  b4p:]
*±133 '  '>'•1
*±104 '  I ' f l  
*±114 =  * 1  f  1
* l i i s  = I- & ]
*±125 ° * l ï j l  
*±200 '  [ '
* ± 2 0 0  '  - i M  *  i i  b s  -  1>6 +  I I I  b 5 ]
* l 2 1 0  •  ± 1 -
X4 ^ r£. 1, u 15^ . 469
110
±220 “ ± l f  -  Î 6 '’5 ■ î f  *’6 ■* I f  b§]
'±2  '
%4 -  J. r:^   ^ 15  ^ . 6 3
*±230 = [- 34]
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TABLE II (continued)
:^Î201 = ^  1 P ^ -  i  p '  + 3p _ | )  + b ,p 2 ( .  #  p + 1 ^ )  .  b ,p 3  § ]
% 1 1  = f r  [C - I  p3 -  + 3p -  | )  -  b ^ p Z c g l  p .  ^ )  .  I l  b gp 3]
_ 1 r, r 451  3 - 25 , ,
" p 384  P -  12*3 -  24 bgp]
*±202 “ M
*Ï202 = f î  " i  ^
*±212 = ; ?  p2 -  4p + §3 ~ W ~
*±221
*:222 = I f ]
*Ï203 = p tf P - fl 
*±204 " -^T&l
*:2 i4  = [f]
*±300 = f  ^sl
*:300 = + f l #  b , + | | 9  b; _ b ,  _ 31 |7  b% + 1|259 b ,b ;]
*±310 " - ï l  ’’s i
*^310 = 16 ^5  + f  ^6 - f f  b? + 3§ô ^4 + f i s #  b^bg]
*|320 = i[ï2 + ff bs + - f b, + 1|1 b2 + ||Z9 b.b,]
*±330 = [§| ^ 4 + Ü #  b^bg]
% o i  = | f [ c f  + # 4 ) - § \ p ' ]
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TABLE II (continued)
* """'(I# ! m  P - # )  ' "5P=(|§ 0  ^W ’
x L i i  = [ 4  Ÿ  - ï l  o' - 1  » 4 )  * *  i r  0 - § ’
^ v ' ( - ï l ï ï O - S )  - v n | § ^ )
^în i - ^  [ " '( &  0^  * I f f  p - fi) ♦ bsPCffi p - ||i )
- I  bepZ + I f i  b*p ']
*±331 '  64 ''S i
*±302 = ^  [- ^4 * I*'
*^302 = it-Î3Î 0^ * m  0^ * #  0 - If) - ^ 4 P ^ c - ^  P - S r )
- i f  » = o ' i
* L i 2 = f  [C- H o '  -  i  o'  * § 0  -  w ) -  K P ' ( | §  p -  I f )p
80
b ,p 3 ]
X±322 ^ p ^^ "^ '♦*•640 128^ " 80 ^5^]
X+303 "^6^
v5 1 rf33 2 161 ^ 913, 289 . oi
*±303 = " F  ^^128 P - 64" P + Ï28) " 256 ^4^ ]
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TABLE II (continued)
X+323 ~ t" A/l±323 ■ 64
5
'±304XLn/i = ± [1 ]
*^305 -  [3%]
*±315 ^ "I^Î6^
*:400 = i r ^
*±400 "  ^ f  ^5 - I  bg + I  bg]
*±410 = I  ^5 - f  bg + ^  b^]
*±420 =
x:±401 = [ -  i < i r +  i r  + 6p + 5) + b 4 p 2 ( | |  p + 1 | )  + 41_ bgp3]
*±411 = F  + f )  -  l ^ b g p ]
*±412 = if-]
*±403 = T ^ -  
*±404 "
* l5 0 0  = ^ [ - T & + 4 ^ ]




±520 = [ - Ü * i  b^bsl
y 3
*±501 = t - ^ ]
X5
±505 ° * ^ Î2Ô^
y 5
*±501
2  ^  ^  ^^ 2.407 2 389 „ 293.
P + P + 5) + bi+p (g g g Q  P 320 P 240p
9. 269 , u . 150/
480" ■ I W  ■ 240 + 960
X+C11 = & [ b 4 - t y -  i r )  + b s p c l l  p + t â )  - + w  b^p^l
X±521 " "*-32
:^:502 = -  # P  -  #) -  H ^ P  .  11 ^]
- î i ^ s p ^ ]
X |s i2 = % r tb 4 ( |lF  p + i l s )  - 14  bsp] 
:^Lo3 = ^ [ ( # 8 P ' + & P + B  - ï k ^ ^ p ' ]
X+513 [" 96 *^ 4]
X+600 ^ ï& *  ÏY  ^5 -  6 "^4 ^  b^]
^±610 ^ *-16^
X+601 ^ F  '•^‘*^160 P * 32^ ÎO ^]
X+602 ^ "*■■ Î6 ^
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TABLE II (continued)
^±710 = l i ô  + H o  btbg]
*±701 " P + 15) + ^ 5 p c ||ô  p + Iq)
*±711 ■ ^ 256x7




^'Isoo = [ - # + 4 ^ ]
*±901 °
* l l 21 -  ¥
*±132
= è l
P " 2& ) '
*±201
= 1 1  
P [- - ^ ]
*±311 = [- 16 -
*±313
±1
[ # P ' -
157 
96 P * -  ü
*±510 = ±[-
11 . 9 
10 " 40 bs + Î 3  b* - 2Ô ^7 - 120 '’5 ± #  b4bs]
*±700 = ± [-
ISbs
14 2% t^bg]
CHAPTER I I I
CALCULATION OF FRANCK-CONDON FACTORS FOR N^, TiO AND Na^
As d iscu ssed  in  th e  in tro d u c tio n , th e  perturbed-M orse- 
o s c i l l a to r  p o te n t ia l  g iven by Eq. (1 .5 ) i s  a good approxim ation 
fo r  th e  t ru e  in te rn u c le a r  p o te n t i a l . Since th e  perturbed-M orse 
w avefunctions d esc rib ed  in  th e  p rev ious c h ap te r a re  s u i ta b le  fo r  
both ground and upper e le c tro n ic  s ta t e s  o f  an e le c tro n ic  t r a n s i t io n ,  
we can use them to  c a lc u la te  a rray s  o f  Franck-Condon f a c to r s  (FCF 
a r r a y s ) . In  t h i s  ch ap te r we p re sen t c a lc u la t io n s  o f  FCF a rra y s  
fo r  va rio u s  t r a n s i t io n s  in  N2 , TiO, and Nag,comparing our r e s u l t s  
fo r  th e  r o ta t io n le s s  case  to  p ub lished  r e s u l t s  o b ta ined  by using  
Morse and RKR e ig en fu n c tio n s . In t h i s  c h ap te r we co n sid e r only 
the  case J=0; we w il l  d iscu ss  r o ta t io n a l  e f f e c t s  in  th e  next c h ap te r.
We used num erical methods to  e v a lu a te  th e  FCF overlap  
in te g ra ls ,p ro c e e d in g  in  two s te p s . F i r s t  we used th e  b a s ic  spec­
tro sc o p ic  d a ta  Ug, WgXg, w^y^, w^z^, B^, a^ , y^ , d^,and y as in p u t 
fo r  H uffaker's^^^  computer program to  c a lc u la te  th e  b e s t f i t t e d  
Morse param eters 0 , p , t  and p e r tu rb a tio n  c o e f f ic ie n ts  bi^, bg, bg, 
by. These param eters were then  used as in p u t fo r  a new computer 
program which produced th e  fo llow ing q u a n t i t ie s :
(a) C o e ff ic ie n ts  fo r  upper and lower e le c tro n ic  s ta t e s ;
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(b) A (v,J) and B (v ,J) fo r  upper and lower e le c tro n ic  s ta t e s ;
(c) V ib ra tio n a l w avefunctions T^^(r) and corresponding 
to  upper and lower e le c tro n ic  s t a t e s  re s p e c tiv e ly ;
(d) N orm alization o f  th e  w avefunctions fo r  lower and upper e le c t r o ­
n ic  s t a t e s ;
(e) O rthonorm ality  p ro p e r t ie s  o f  th e  w avefunctions;
(f) 20 X 20 FCF a rra y s ;
Cg) Sums o f  columns and rows o f th e  FCF a r ra y s , used to  check th e  
sum r u le .
A ll num erical in te g ra t io n s  were perform ed by th e  t r a p e ­
zo id al r u le .  The uniform  s te p  s iz e  f o r  th e  num erical in te g ra t io n  
was taken to  be .0025& and v a lu es  o f  r  ranged from r=0 to  r  = r^^^^ , 
where r^^^^ i s  d i f f e r e n t  fo r  d i f f e r e n t  e le c tro n ic  t r a n s i t io n s .  We 
used double p re c is io n  in  our c a lc u la t io n s ,  p ro v id in g  accuracy  up 
to  18 s ig n if ic a n t  d i g i t s .
Accuracy o f  th e  C a lcu la tio n  
As a check o f  th e  FCF com putational p rocedure , we f i r s t  
te s te d  th e  o rth o n o rm ality  p ro p e r t ie s  o f  th e  w avefunctions. For 
each s ta t e  o f  each m olecule, we f i r s t  ob ta ined  Morse e ig en fu n c tio n s , 
using  Eqs. (2 .3 ) - ( 2 .7 ) ,  and c a lc u la te d  th e  20 x 20 m a trix  c o n s is t ­
ing o f th e  o v erlap  in te g r a ls  o f  th e  f i r s t  tw enty v ib ra t io n a l  e ig en ­
fu n c tio n s . T h e o re tic a l ly , th e se  e ig en fu n c tio n s  should be orthonorm al, 
th a t  i s
!  K  \  d t  = «m, '
and we should o b ta in  a 20 x 20 u n i t  m a trix . I t  was found th a t  th e
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diagonal elem ents o f  th e  m a trices  d if f e r e d  from u n ity  by le s s  than  
10“ and th a t  th e  o ff -d ia g o n a l elem ents d if f e r e d  from zero by le s s  
than 10“ 15. Thus, th e  combined e r r o r  due to  our c a lc u la t io n  o f Morse 
e ig en fu n c tio n s  and ou r in te g ra t io n  would only  in tro d u ce  e r ro r s  sm alle r 
than 10"14 in to  th e  c a lc u la t io n  o f  FCF m a tric e s .












where i s  a pu re  Morse e ig en fu n c tio n  and L i s  equal to  th e  num­
b er o f  bound s t a t e s .  M atrix  elem ents M^  ^ can e a s i ly  be c a lc u la te d  
from Eq. (2 .2 6 ) . T h e o re t ic a l ly  th e  m atrix  T, g iven by
T = M M = I
should be th e  u n i t  m a trix . To check t h i s  we perform ed an o th er c a l­
c u la t io n  fo r  th e  s t a t e  o f  N2 , which has approx im ately  52 bound
v ib ra t io n a l  s t a t e s ,  and c a lc u la te d  T^^ where bo th  i  and j range 
from 1 to  51. We can summarize the  value o f  T^^ fo r  d i f f e r e n t  v i ­
b ra t io n a l  le v e ls ,  as
i  3 5 , j 3 5 , |T \ j |  < 8 .8  X 10-6 
i  ^ 10, j  ^ 10, |T \ j I  < 2 .8  X 10-4 
i  S 15, j 3 15, | t _  1 < 2 .3  X 10-3
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j  < 2 0 , iT i- i < 9 .9  X 10/^3
• < 25, iT ijI < 3.02 X 10-2
J < 30, l^ i j l
< 7.11 X 10-2
. < 35, t ^ i j l
< .1369
. < 40, < .222
. < 4 5 , IT .3 I < .3039
• < 50, 1 T ,.| < .3129
i  - 2 0 , 
i  2 25, 
i  ^ 30, 
i  ^ 35, 
i  - 40, 
i  ^ 45, 
i  ^ 50,
From th e  above v a lu es  o f T .. we can see th a t  fo r  low
1]
v ib ra t io n a l  le v e ls  (v i  20) th e  o rth o n o rm ality  o f  th e  PMO wave­
fu n c tio n s  i s  good, bu t f o r  v ib ra t io n a l  le v e ls  n ea r to  th e  bound 
s t a t e  l im i t  our o rth o n o rm a lity  i s  v ery  poor. This can be exp lained  
from th e  f a c t  th a t  our p e r tu rb a tio n  expansions a re  in  term s o f  v /a  
so as V approaches a th e  convergence o f th e  v a rio u s  power s e r ie s  
becomes very  poor.
FCF fo r  Np, TiO and Na^
We chose to  study  N2 and TiO n o t only because o f  t h e i r  
g re a t a s tro p h y s ic a l i n t e r e s t  bu t a lso  because th ey  a re  among th e  
few m olecules fo r  which v ery  a cc u ra te  term  va lu es  a re  a v a ila b le  
fo r  sev e ra l e le c tro n ic  s t a t e s .  The sp ec tro sco p ic  d a ta^ ^ ^ ’ ^ ^ ’^^*^^^ 
and p e rtu rb ed  Morse c o e f f ic ie n ts  p , a ,  t ,  b^ , bg, bg and by fo r  
s ev e ra l e le c tro n ic  s ta t e s  o f  N2 , TiO and Na2 a re  g iven in  Table I I I ,  
We chose th e  fo llow ing  e le c tro n ic  t r a n s i t io n  o f  N2 , and TiO fo r
which to  c a lc u la te  FCF a r ra y s :
B^n - (N2) ,  l i s t e d  in  Table IV
A^Z* - X^Z* (N2) ,  l i s t e d  in  Table Vu g
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a^n - (N2 ) ,  l i s t e d  in  Table VI
g, g
C^ A - X^ A (TiO), l i s t e d  in  Table VII
A^ tj) -  X^ A (TiO), l i s t e d  in  Table V III
For each t r a n s i t io n  o f  Ng and TiO we compared our r e s u l t s ,  using  
th e  r o ta t io n le s s  p e rtu rb ed  Morse o s c i l l a to r ,  w ith  RKR r e s u l t s  ob­
ta in e d  fo r  Ng by  Benesch and V anderslice^^^’^^^ and fo r  TiO by 
C o llin s  and Fay.^^^^ As may be seen from th e se  ta b le s ,  our r e s u l t s  
agree very  w ell w ith  th o se  o f  th e  RKR a n a ly s is .  We a lso  made 
a d d itio n a l c a lc u la t io n s  fo r  th e  o th e r  s ix  t r a n s i t io n s  o f  Ng and 
sev e ra l t r a n s i t io n s  o f  CN and NO (which we have no t l i s t e d  here) 
and compared our FCF v a lu es  to  th e  RKR va lu es  and found e x c e lle n t 
agreement between th e se  two methods up to  s u f f ic ie n t ly  h igh  va lu es  
o f  V* and v " .
Most p u b lish ed  FCF c a lc u la t io n s  have been done by using
(22)pure M o rse -o sc illa to r  e ig e n fu n c tio n s . As d esc rib ed  by N ic h o lls ,^  
th e  param eters a , t ,  r^  ( in  our form alism  p ,  o , t )  a re  c a lc u la te d  
from th e  fo llow ing  r e la t io n s :
a = 0.243534(v^üjgXg)^ , (3 .2 )
T = Wg%/4WgXg , (3 .3 )
e e
Demtroder, McClintock, and Zare^^^^ used th e  RKR method 
to  compute th e  FCF a rra y s  fo r  th e  (B^n^ - X^Zg) t r a n s i t io n  in  Nag.
We compare FCF va lu es  c a lc u la te d  from our PMO method to  pure Morse
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and RKR v a lu es . This i s  done in  Table IX, where i t  may be seen 
th a t  our PMO r e s u l t s  agree  very  w ell w ith  th o se  o f th e  RKR a n a ly s is  
and d i f f e r  from th e  r e s u l t s  ob ta in ed  w ith  pure  Morse e ig en fu n c tio n s .
A s im ila r  comparison o f  FCF v a lu es  fo r  th e  (C^n^ - 
t r a n s i t io n  in  Ng i s  made in  Table X, where FCF va lu es  c a lc u la te d  
from RKR and pure Morse p o te n t ia ls  a re  ob ta ined  from re fe re n c e s  19 
and 20. For v ’=0, 1, and 2, our r e s u l t s  a re  in  very  good agreement 
w ith  RKR r e s u l t s ,  bu t fo r  h ig h e r v a lu es  o f  v ' our r e s u l t s  d i f f e r  
s ig n i f ic a n t ly  from RKR. This could be exp lained  as due to  th e  f a c t  
th a t  th e  p e r tu rb a tio n  param eters fo r  th e  C^n^ s ta t e s  in  N2 a re  
la rg e  and in c re a s in g  in  m agnitude, so th a t  perhaps h ig h e r-o rd e r  
p e r tu rb a tio n  param eters a re  s ig n i f ic a n t .
In o rd e r to  i l l u s t r a t e  th e  s ig n if ic a n c e  o f  th e  v a rio u s  
param eters b^ o f  th e  p e rtu rb ed  Morse o s c i l l a to r ,  we perform ed an 
a d d itio n a l c a lc u la t io n  fo r  th e  X^Zg - B^n^ t r a n s i t io n  in  
We c a lc u la te d  FCF a rra y s  fo r  a tru n c a te d  PMO using  th e  p o te n t ia l
given by
V»(R] = V [(1 - e -* " )^  + f  b (1 - e -* ")*  (S 'S )
^ ^ n=4 "
where N ranged from 3 (pure Morse o s c i l l a to r )  to  7 ( f u l l  p e rtu rb ed  
Morse o s c i l l a to r  to  o rd e r 5 /2 ) .  R esu lts  a re  l i s t e d  in  Table XI fo r  
th e  (v*=7,8,9 to  v " = 0 , l . . .S )  bands and again  compared w ith  p rev ious 
pure Morse and RKR c a lc u la t io n .  The comparison i l l u s t r a t e s  sev e ra l 
im portant p o in ts :  F i r s t ,  our N=3 r e s u l t s  a re  much c lo se r  to  th e
RKR r e s u l t s  than  th e  p rev ious pure  Morse r e s u l t s ;  t h i s  shows th a t  
our way o f choosing th e  unpertu rbed  Morse o s c i l l a to r  so as to  agree
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w ith th e  a c tu a l p o te n t ia l  in  th e  neighborhood o f  r= rg  i s  more appro­
p r ia te  than  th e  o ld  method by using  Eqs. (3 .2 ) ,  (3 .3 ) and (3 .4 ) .  Se­
cond, as N in c re a se s  from 3 to  7, our FCFs s te a d i ly  approach th e  
RKR r e s u l t s ,  showing th e  r e la t iv e  s ig n if ic a n c e  o f  th e  v a rio u s  p a ra ­
m eters .
TABLE III
S p ec tro sco p ic  d a ta  and p e rtu rb e d  Morse c o e f f ic ie n ts  used in  Franck-Condon f a c to r  c a lc u la t io n s .
M olecule Nz* Nz^ Nz^
S ta te xiz+ B3n c3n
g u g u
2358.027 1460.518 1733.391 2047.178
WgXeCcm'l) 14.1351 13.8313 14.1221 28.4450
WeXeCcm-i) -1.7510x10-2 5.999x10-3 -5.688x10-2 2.08833
1.144x10-4 -1.853x10-3 3.612x10-3 -5.350x10-1
Bg(cm-l) 1.9980 1.45455 1.6374 1.82473
UgCcm"!) 1.772x10-2 1.8009x10-2 1.791x10-2 1.8683x10-2
YgCcm-1) -8.214x10-5 -7 .647x10-5 -2.275x10-3
SgCcm-l) 7.33x10-4 7.33x10-4
1.0977 1.2866 1.2126 1.1487
P 2.7447748 3.0714722 2.9303503 2.9651880
a 78.327835 53.215698 61.642242 63.632156
T(cm rl) 92350.938 38860.148 53426.070 64977.457
b4 0.40703017x10-1 -0.50519295x10-2 -0.33512115x10-2 -0.37622130
bs 0.15942525x10-1 -0.27038269x10-1 -0.33950776x10-1 -1.8111362
be -0.42839903x10-1 0.35355348x10-1 -0.66457272x10-1 5.1684713
by 0.34381751x10-1 -0.17442126x10-1 0.2228301x10-1 16.915421
7.00377 7.00377 7.00377 7.00377












WgCcm'i) 159.1268 124.0656 1009.0208 867.7799
WgXe(cm-i) 0.7262 0.6863 4.4978 3.9422
-9.154x10-4 -5 .441x10-3 -0.0107
-5 .02x10-5 -1 .15x10-4
Bg(cm-i) 0.154853 0.125829 0.535412 0.507390
a^Ccm 'l) 8.5637x10-4 8.6754x10-4 0.003011 0.003145
YgCcm-^) -7 .646 .10-5 -1.535x10-5 -0.000011 -0.000010
ôg(cm -l)
rgCX) 3.07745 3.41398 1.6201 1.6642
P 1.9470310 2.1329203 2.7665014 2.7666464
0 135.53203 108.36212 123.11803 111.71835
T(cm"i) 10783.246 6721.9023 62114.570 48472.938
b4 -0.15785468 -0.13214874 -0.65027237x10-1 -0.1006698x10-1
bs -0.15460426 -0.33452040 -0.58225088x10-1 -0.55146657x10-1
be 0.59676655x10-1 -0.8904773x10-1 -0.79778314x10-1 0.53219385x10-1
b? -0.20388709x10-2 0.29489435x10-1 0.27459331x10-1 -0.36311213x10-1
11.49822 11.49822 11.9979 11.9979
f».o
TABLE III (continued)
M olecule TiO^ N2*
S ta te C^ A B'^E" a 'lE " al%u u R
Wg(cm"i) 838.2567 1516.883 1530.254 1694.208
WeXgCcm-l) 4.7592 12.1810 12.0747 13.9491
Wg/gCcm-l) 0.0468 4.1858x10-2 4.1292x10-2 7.9346x10-3
-7.323x10-4 -2.896x10-4 2.911x10-4
Bg(cm-l) 0.489888 1.47359 1.47988 1.61688
OgCcm-l) 0.003062 1.6861x10-2 1.6574x10-2 1.7933x10-2
Yg(cm-i) -0.000030 3.619x10-5 2.408x10-5 -2 .929x10-5
dg(cm -l) -9 .464x10-7
r^CX) 1.6937 1.2782 1.2755 1.2203
P 2.7806702 2.9629002 2.9299965 2.9369402
a 110.63786 58.629196 60.224380 60.739182
X 46366.570 44466.926 46079.109 51452.402
b4 -0.17135870 0.38914956x10-1 0.3305164x10-1 -0.1494089x10-3
bs -0.18016392 0.52458003x10-1 0.4404665x10-1 0.80510192x10-:
be 0.71762991 0.3249489x10-1 0.4178801x10-1 0.5741585x10-2
b? -0.25137603 0.11556738x10-3 0.1256874x10-1 0.74309856x10-:

























S pec troscop ic  co n stan ts  from Ref. (15).
^Spectroscopic c o n sta n ts  from Ref. (17).
'S p ec tro sco p ic  c o n sta n ts  from Ref. (16).
^Spectroscopic co n s tan ts  from R ef. (18 ).
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Table IV. A comparison o f PCF c a lc u la te d  from RKR and PMO p o te n t ia ls  
fo r  th e  - A s y s t e m  in  N2 . For each s e t  o f  va lues o f  v ' and
v", th e  two numbers a re  FCF's c a lc u la te d  from RKR^  and PMO p o te n t ia ls  




= 0 1 2 3 4
.4011-0 .3309-0 .1661-0 .6692-1 .2384-1
.4009-0 .3303-0 .1661-0 .6691-1 .2392-1
.3976-0 .2907-2 .1595-0 .1973-0 .1306-0
.3992-0 .2873-2 .1593-0 .1964-0 .1301-0
.1617-0 .2744-0 .6877-1 .2208-1 .1246-0
.1613-0 .2748-0 .6898-1 .2199-1 .1244-0
.3423-1 .2757-0 .9557-1 .1516-0 .5122-2
.3417-1 .2770-0 .9568-1 .1519-0 .5241-2
.4063-2 .9739-1 .2976-0 .7468-2 .1509-0
.4088-2 .9713-1 .2974-0 .7545-2 .1510-0
.2680-3 .1640-1 .1690-0 .2425-0 .1046-1
.2757-3 .1637-1 .1690-0 .2434-0 .1040-1
.1338-4 .1408-2 .3929-1 .2311-0 .1564-0
.9861-5 .1408-2 .3897-1 .2299-0 .1572-0
.4460-6 .6177-4 .4318-2 .7188-1 .2657-0
.1707-6 .6112-4 .4253-2 .7155-1 .2664-0
.2788-6 .8721-6 .2221-3 .9946-2 .1118-0
.2356-8 .1171-5 .2155-3 .9647-2 .1116-0
.1086-6 .2812-7 .6736-5 .6234-3 .1917-1
.3490-9 .1647-7 .4450-5 .5681-3 .1845-1
44
TABLE IV (continued)
V "  = 5 6 7 8 9
.7992-2 .2570-2 .8211-3 .2605-3 .8249-4
.8009-2 .2593-2 .8295-3 .2658-3 .8624-4
.6578-1 .2833-1 .1133-1 .4274-2 .1566-2
.6550-1 .2840-1 .1135-1 .4332-2 .1616-2
.1431-0 .1006-0 .5608-1 .2724-1 .1213-1
.1430-0 .1008-0 .5619-1 .2739-1 .1234-1
.4236-1 .1073-0 .1120-0 .8058-1 .4750-1
.4194-1 .1072-0 .1110-0 .7999-1 .4742-1
.5125-1 .2223-2 .5492-1 .9428-1 .8989-1
.5156-1 .2055-2 .5402-1 .9310-1 .8905-1
.9517-1 .9428-1 .8782-2 .1409-1 .5993-1
.9523-1 .9509-1 .9198-2 .1331-1 .5804-1
.5839-1 .3521-1 .1041-0 .3932-1 .2021-5
.5780-1 .3528-1 .1043-0 .4040-1 .1156-4
.7415-1 .1057-0 .3002-2 .8127-1 .6737-1
.7568-1 .1051-0 .3055-2 .8107-1 .6876-1
.2695-0 .1991-1 .1278-0 .4815-2 .4441-1
.2732-0 .2110-1 .1275-0 .4682-2 .4397-1
.1564-0 .2493-0 .1676-3 .1198-0 .2937-1
.1550-0 .2526-0 .3766-3 .1198-0 .2891-1
(a) R eferences (1 9 ,20 ).
(b) N egative d ig i t  r e f e r s  to  power o f  10, fo r  example, 
e n try  .13990-1 i s  equal to  .1399x10“^.
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TABLE V. A com parison o f  PCF c a lc u la te d  from RKR and PMO 
p o te n t ia ls  f o r  th e  (A^Zy* - system in  N2 .
For each s e t  o f  v a lu es  o f  v ' and v " , th e  two numbers 
a re  FCF’s c a lc u la te d  from RKR* and PMO p o te n t ia l s  r e s p e c t iv e ly .^
= 0 1 2 3 4
.9777-3 .8180-2 .3230-1 .8019-1 .1408-0
.9723-3 .8140-2 .3212-1 .8003-1 .1405-0
.5214-2 .3235-1 .8754-1 .1313-0 .1106-0
.5184-2 .3220-1 .8730-1 .1313-0 .1105-0
.1482-1 .6638-1 .1142-0 .8242-1 .1089-1
.1476-1 ..6620-1 .1142-0 .8264-1 .1097-1
.3008-1 .9377-1 .9019-1 .1458-1 .1590-1
.2999-1 .9342-1 .9014-1 .1468-1 .1580-1
.4863-1 .1004-0 .4117-1 .3107-2 .5954-1
.4842-1 .1003-0 .4136-1 .3054-2 .5949-1
.6722-1 .8565-1 .6276-2 .3331-1 .5285-1
.6680-1 .8556-1 .6391-2 .3314-1 .5291-1
.8175-1 .5756-1 .1661-2 .5481-1 .1567-1
.8142-1 .5804-1 .1578-2 .5504-1 .1595-1
.9145-1 .2935-1 .1851-1 .4713-1 .6088-4
.9037-1 .2976-1 .1813-1 .4741-1 .4040-4
.9457-1 .9065-2 .3852-1 .2280-1 .1446-1
.9307-1 .9510-2 .3798-1 .2331-1 .1406-1
.9180-1 .4141-3 .4839-1 .3831-2 .3413-1
.9022-1 .5870-3 .4816-1 .4226-2 .3378-1
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TABLE V (continued)
’ = 5 6 7 8 9
.1854-0 .1910-0 .1569-0 .1056-0 .5806-1
.1853-0 .1906-0 .1569-0 .1053-0 .5822-1
.3966-1 .6520-5 .3739-1 .1108-0 .1500-0
.3988-1 .1069-4 .3709-1 .1098-0 .1497-0
.1548-1 .7836-1 .8100-1 .2127-1 .4015-2
.1544-1 .7838-1 .8138-1 .2143-1 .3885-2
.7253-1 .4484-1 .5276-5 .4362-1 .8094-1
.7249-1 .4482-1 .5486-5 .4359-1 .8139-1
.4067-1 .4966-3 .4965-1 .5280-1 .2044-2
.4083-1 .4843-3 .4972-1 .5276-1 .2046-2
.7711-3 .3902-1 .4424-1 .4647-4 .4169-1
.8035-3 .3883-1 .4424-1 .4968-4 .4172-1
.1740-1 .4785-1 .1615-2 .3413-1 .3939-1
.1733-1 .4809-1 .1663-2 .3399-1 .3967-1
.4370-1 .1379-1 .1697-1 .4203-1 .2843-3
.4368-1 .1401-1 .1678-1 .4183-1 .3027-3
.3727-1 .6938-3 .4078-1 .7146-2 .2311-1
.3767-1 .6058-3 .4081-1 .7309-2 .2289-1
.1261-1 .1951-1 .2646-1 .4735-2 .3778-1
.1321-1 .1911-1 .2709-1 .4493-2 .3812-1
(a) R eferences (1 9 ,2 0 ).
(b) N egative d ig i t s  r e f e r  to  power o f  10, f o r  example, 
e n try  .3966-1 i s  equal to  .3966x10“ ^.
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TABLE V I. A comparison o f  PCF c a lc u la te d  from RKR and PMO 
p o te n t ia ls  fo r  th e  Cain^ - system in  N2 . For each s e t  o f
va lues o f  v ' and v " , th e  two numbers a re  FCF's c a lc u la te d  from 




= 0 1 2 3 4
.4308-1 .1526-0 .2495-0 .2502-0 .1728-0
.4295-1 .1522-0 .2492-0 .2503-0 .1728-0
.1155-0 .1931-0 .7983-1 .5680-3 .9050-1
.1156-0 .1935-0 .8034-1 .5247-3 .8996-1
.1707-0 .9710-1 .3407-2 .1084-0 .8488-1
.1705-0 .9712-1 .3365-2 .1085-0 .8510-1
.1832-0 .1232-1 .7583-1 .6864-1 .4177-2
.1829-0 .1236-1 .7565-1 .6879-1 .4141-2
.1600-0 .6199-2 .9643-1 .4799-3 .7834-1
.1601-0 .6148-2 .9650-1 .5052-3 .7828-1
.1217-0 .4655-1 .4658-1 .3444-1 .5591-1
.1217-0 .4639-1 .4670-1 .3423-1 .5592-1
.8296-1 .8456-1 .4521-2 .7273-1 .2471-2
.8333-1 .8472-1 .4599-2 .7283-1 .2524-2
.5262-1 .9919-1 .5751-2 .5616-1 .1783-1
.5275-1 .9930-1 .5690-2 .5629-1 .1768-1
.3153-1 .9235-1 .3372-1 .1805-1 .5400-1
.3145-1 .9208-1 .3347-1 .1805-1 .5366-1
.1784-1 .7332-1 .6077-1 .1087-3 .5440-1
.1788-1 .7358-1 .6079-1 .1154-3 .5450-1
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TABLE VI (continued)
' = 5 6 7 8 9
.8679-1 .3306-1 .9684-2 .2210-2 .3933-3
.8697-1 .3305-1 .9699-2 .2230-2 .4085-3
.1882-0 .1755-0 .1014-0 .4104-1 .1201-1
.1877-0 .1750-0 .1012-0 .4073-1 .1204-1
.4928-3 .6907-1 .1681-0 .1612-0 .9090-1
.5267-3 .6852-1 .1676-0 .1606-0 .9101-1
.9685-1 .6357-1 .5541-3 .8533-1 .1668-0
.9701-1 .6376-1 .5128-3 .8430-1 .1665-0
.3555-1 .1909-1 .9785-1 .3279-1 .1244-1
.3576-1 .1901-1 .9808-1 .3289-1 .1221-1
.9399-2 .7899-1 .6290-2 .5127-1 .8354-1
.9300-2 .7883-1 .6324-2 .5105-1 .8399-1
.6401-1 .1323-1 .4320-1 .5269-1 .3557-2
.6415-1 .1341-1 .4295-1 .5234-1 .3545-2
.4583-1 .1418-1 .5590-1 .1899-2 .6886-1
.4597-1 .1405-1 .5600-1 .1842-2 .6853-1
.3650-2 .5550-1 .3734-2 .5251-1 .1475-1
.3736-2 .5501-1 .3781-2 .5197-1 .1484-1
.1001-1 .3844-1 .1759-1 .3658-1 .1433-1
.9880-1 .3859-1 .1743-1 .3675-1 .1401-1
(a) References (1 9 ,2 0 ).
(b) N egative d ig i t s  r e f e r  to  power o f  10, fo r  example, 
e n try  ,8679-1 i s  equal to  .8679x10"!.
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TABLE V II. A comparison o f  PCF c a lc u la te d  from RKR and PMO 
p o te n t ia ls  fo r  th e  (C^A - X^A) system in  TiO. For each s e t  o f  
va lues o f  v ' and v " , th e  two numbers a re  FCF's c a lc u la te d  from 
RKR^  and PMO p o te n t ia ls  r e s p e c tiv e ly .
' = 0 1 2 3 4
.4097-0 .3753-0 .1624-0 .4345-1 .7956-2
.4097-0 .3753-0 .1624-0 .4345-1 .7952-2
.3524-0 .4464-2 .2398-0 .2553-0 .1130-0
.3523-0 .4447-2 .2401-0 .2552-0 .1130-0
.1643-0 .2002-0 .6335-1 .7084-1 .2439-0
.1642-0 .1999-0 .6357-1 .7113-1 .2439-0
.5490-1 .2278-0 .4445-1 .1481-0 .1797-2
.5490-1 .2275-0 .4406-1 .1487-0 .1867-2
.1464-1 .1259-0 .1823-0 .1719-3 .1519-0
.1469-1 .1258-0 .1813-0 .2227-3 .1530-0
.3295-2 .4778-1 .1691-0 .9482-1 .3409-1
.3346-2 .4789-1 .1684-0 .9343-1 .3516-1
.6443-3 .1416-1 .8993-1 .1666-0 .2547-1
.6768-3 .1437-1 .8993-1 .1648-0 .2413-1
.1114-3 .3488-2 .3453-1 .1256-0 .1265-0
.1260-3 .3662-2 .3495-1 .2148-0 .1233-0
.1721-4 .7399-3 .1055-1 .6208-1 .1415-0
.2243-4 .8347-3 .1103-1 .6246-1 .1390-0
.2394-5 .1380-3 .2707-2 .2332-1 .9057-1




= 5 6 7 8 9
.1048-2 .1020-3 .7449-5 .4103-6 .1683-7
.1043-2 .1001-3 .7122-5 .3835-6 .1784-7
.2929-1 .5030-2 .6069-3 .5304-4 .3405-5
.2927-1 .5001-2 .5934-3 .5014-4 .3092-5
.1775-0 .6365-1 .1396-1 .2053-2 .2120-3
.1774-0 .6359-1 .1386-1 .1999-2 .1978-3
.1687-0 .2136-0 .1055-0 .2924-1 .5183-2
.1691-0 .2136-0 .1054-0 .2899-1 .5018-2
.1981-1 .8227-1 .2128-0 .1466-0 .5107-1
.1956-1 .8310-1 .2132-0 .1465-0 .5055-1
.9829-1 .7142-1 .2138-1 .1797-0 .1784-0
.9937-1 .7106-1 .2215-1 .1809-0 .1785-0
.8444-1 .3739-1 .1117-0 .5470-4 .1275-0
.8673-1 .3812-1 .1117-0 .1278-3 .1299-0
.1041-3 .1100-0 .3430-2 .1198-0 .1345-1
.1393-3 .1131-0 .3621-2 .1208-0 .1233-1
.7140-1 .1435-1 .1001-0 .4781-2 .9740-1
.6751-1 .1654-1 .1034-0 .4680-2 .9967-1
.1323-0 .2489-1 .4724-1 .6633-1 .3046-1
.1275-0 .2154-1 .5217-1 .6899-1 .3081-1
(a) Reference (21 ).
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TABLE V III . A comparison o f  PCF c a lc u la te d  from RKR and PMO 
p o te n t ia ls  fo r  th e  (A^ (j) - X^A) system  in  TiO. For each s e t  o f  
va lues o f  v* and v " , th e  two numbers a re  FCF's c a lc u la te d  from 
RKR^  and PMO p o te n t ia l s  re s p e c tiv e ly .
' = 0 1 2 3 4
.7195-0 .2362-0 .3976-1 .4223-2 .3043-3
.7206-0 .2354-0 .3947-1 .4176-2 .2998-3
.2360-0 .3195-0 .3314-0 .9690-1 .1478-1
.2353-0 .3216-0 .3308-0 .9629-1 .1463-1
.3983-1 .3294-0 .1044-0 .3350-0 .1552-0
.3948-1 .3291-0 .1061-0 .3350-0 .1544-0
.4401-2 .9728-1 .3294-0 .1459-1 .2863-0
.4327-2 .9659-1 .3299-0 .1530-1 .2871-0
.3310-3 .1584-1 .1549-0 .2763-0 .1897-2
.3220-3 .1559-1 .1541-0 .2776-0 .1644-2
.1516-4 .1640-2 .3500-1 .2004-0 .2011-0
.14409-4 .1600-2 .3452-1 .1998-0 .2020-0
.2242-6 .1037-3 .4783-2 .6077-1 .2270-0
.1835-6 .9939-3 .4677-2 .6004-1 .2269-0
.7676-8 .2700-5 .4005-3 .1065-1 .9057-1
.1231-7 .2349-5 .3861-3 .1043-1 .8964-1
.6778-8 .9133-8 .1601-4 .1145-2 .1994-1
.9198-8 .2574-7 .1445-4 ,1108-2 .1957-1
.9145-9 .4234-7 .1210-7 .6477-4 .2688-2




.1513-4 .5103-6 .1151-7 .1371-9 .5595-19
.1470-4 .4550-6 .6036-7 .2937-11 .1051-10
.1391-2 .8536-4 .3400-5 .8541-7 .1124-8
.1373-2 .8313-4 .3070-5 .4808-7 .1799-10
.3212-1 .3801-2 .2797-3 .1289-4 .3612-6
.31809-1 .3755-2 .2732-3 .1178-4 .2138-6
.2039-0 .5540-1 .8039-2 .6956-3 .3653-4
.2031-0 .5490-1 .7949-2 .6811-3 .3375-4
.2148-0 .2370-0 .8298-1 .1451-1 .1455-2
.2161-0 .2364-0 .8228-1 .1435-1 .1427-2
.2957-1 .1411-0 .2521-0 .7127-0 .2345-1
.2861-1 .1427-0 .2518-0 .1118-0 .2321-1
.1258-0 .7127-1 .7827-1 .2498-0 .1423-0
.1278-0 .7002-1 .7968-1 .2500-0 .1413-0
.2324-0 .6412-1 .1099-0 .3306-1 .2326-0
.2329-0 .6573-1 .1087-0 .3409-1 .2334-0
.1209-0 .2183-0 .2267-1 .1358-0 .7456-2
.1199-0 .2195-0 .2371-1 .1351-0 .7971-2
.3299-1 .1481-0 .1889-0 .2691-2 .1456-0
.3243-1 .1471-0 .1906-0 .3058-2 .1454-0
(a) Reference (21)
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TABLE IX. A comparison o f PCF c a lc u la te d  from Morse, RKR and PMO 
p o te n t ia ls  fo r  th e  B^II^ - system in  Na2 - For each s e t  o f
va lues o f v ' and v*', th e  th re e  numbers a re  FCF's c a lc u la te d  
from pure Morse, RKR^ and PMO p o te n t ia ls  r e s p e c tiv e ly .


































































































































































































TABLE X. A comparison o f  PCF c a lc u la te d  from Morse, RKR and PMO 
p o te n t ia ls  fo r  th e  - B^Rg) system in  N2 . For each s e t
o f  va lu es  o f  v ' and v " , th e  th re e  numbers a re  FCF's c a lc u la te d  
from pure M orse,^ RKR^  and PMO p o te n t ia ls  r e s p e c t iv e ly .












































































































TABLE XI. A comparison o f  PCF c a lc u la te d  from pure Morse, PMO 
(given by Eq. (2 .8  ) w ith  N=3 to  N=7) and RKR p o te n t ia l s  fo r  
th e  B^n^ - system  in  Na2 . For each s e t  o f  v a lu es  o f
v ' and v " , th e  seven numbers a re  FCF’s c a lc u la te d  from 




v ' = 0 1 2 3 4 5
.5008-2 .6847-1 .1811-0 .3118-1 .7980-1 .1023-1
.6700-2 .7725-1 .1706-0 .1731-1 .8577-1 .5328-2
.6139-2 .7496-1 .1745-0 .2139-1 .8240-1 .6877-2
.5912-2 .7398-1 .1767-0 .2290-1 .8252-1 .6626-2
.5934-2 .7406-1 .1764-0 .2264-1 .8265-1 .6520-2
.5934-2 .7406-1 .1765-0 .2265-1 .8264-1 .6534-2
.595-2 .741-1 .177-0 .228-1 .828-1 .665-2
.9932-3 .2291-1 .1276-0 .1435-0 .5884-3 .9474-1
.1542-2 .2920-1 .1344-0 .1178-0 .5041-2 .8706-1
.1317-2 .2713-1 .1331-0 .1266-0 .2910-2 .8819-1
.1231-2 .2619-1 .1327-0 .1308-0 .2485-2 .8899-1
.1241-2 .2629-1 .1327-0 .1301-0 .2598-2 .8880-1
.1242-2 .2629-1 .1327-0 .1301-0 .2591-2 .8881-1
.126-2 .263-1 .133-0 .131-0 .255-2 .892-1
.1555-3 .5696-2 .5701-1 .1651-0 .6913-1 .3515-1
.2907-3 ,8463-2 .6856-1 .1590-0 .4278-1 .4906-1
.2226-3 .7348-2 .6490-1 .1625-0 .5171-1 .4289-1
.1992-3 .6859-2 .6311-1 .1646-0 .5540-1 .4235-1
.2026-3 .6921-2 .63329-1 .1643-0 .5463-1 .4277t1
.2026-3 .6930-2 .6333-1 .1642-0 .5467-1 .4272-1
.209-3 .696-2 .634-1 .165-0 .553-1 .426-1
(a) Reference (17).
CHAPTER IV
ROTATIONAL EFFECTS ON FRANCK-CONDON FACTORS
The p e rtu rb e d  Morse w avefunctions given by Eq. (2 .26) and 
Table I I  in c lu d e  th e  r o ta t io n a l  param eter K as w e ll as th e  p e r tu r ­
b a tio n  param eters b^. In the  p rev ious c h a p te r  we considered  e ig en ­
fu n c tio n s  o f  a n o n ro ta tin g  PMO o b ta in ed  by sim ply s u b s t i tu t in g  J=0 
in  Eq. (2 .2 6 ) . In  t h i s  ch ap te r we p re se n t FCF in c lu d in g  m olecular 
r o ta t io n ,  u s in g  th e  same method o f  c a lc u la t io n  as d e sc rib ed  in  th e  
p rev io u s c h a p te r .
R ecen tly  B alfour and W h i t l o c k u s e d  th e  RKR method to  
compute th e  r o ta t io n a l  dependence o f  FCF a r ra y  f o r  th e  
t r a n s i t i o n  in  Ca2 . We c a lc u la te d  th e  same a r ra y ,  and compared our 
r e s u l t s  w ith  t h e i r s  in  Tables XII and X III . We a lso  c a lc u la te d  
r o ta t io n a l  e f f e c t s  on FCF a rra y s  fo r  CN and NO (which we have no t 
l i s t e d  h e re ) and found good agreem ent w ith  RKR r e s u l t s .
There i s  one d isadvan tage  to  our p re s e n t PMO approach. This 
method works v e ry  w ell fo r  m oderate v a lu es  o f  th e  r o ta t io n a l  quantum 
number J ;  however, fo r  high v a lu es  o f  J  such a s  th o se  encountered  in  
Ng, TiO, and CN (where J  can go as h igh  as 100) our p re s e n t approach 
does n o t work v ery  w e ll. This i s  evidenced by poor o rth o n o rm ality
56
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p ro p e r tie s  o f  the  pe rtu rb ed  w avefunctions, as shown in  Table X III.
We can understand  th i s  d i f f i c u l ty  as fo llow s: The ro ta t io n a l  energy,
which we t r e a t  as a p e r tu rb a tio n , i s  roughly  equal to  J ( J + I ) .
For h igh va lu es  o f J  t h i s  term  becomes very  la rg e , so th a t  th e  
p e r tu rb a tio n  s e r ie s  f a i l s  to  converge.
Tliis d i f f i c u l ty  could be removed i f  one could in c lude  th e  
major p a r t  o f  th e  r o ta t io n a l  energy in  th e  o r ig in a l  H am iltonian 
and then  t r e a t  th e  rem aining p a r t  as a p e r tu rb a tio n , o r  i f  one could 
in c lude  th e  ro ta t io n a l  energy in  th e  PMO model, so th a t  th e  PMO 
c o e f f ic ie n ts  p , a , t  and b% . . . by would be fu n c tio n s  o f  J .  We 
w ill pursue th i s  to p ic  in  f u r th e r  re se a rc h .
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TABLE X II. A comparison o f  ro ta t io n a l  e f f e c t  on FCF c a lc u la te d  
from RKR and PMO p o te n t ia ls  fo r  th e  A^Z* -  X^Zg system in  Ca^. 
For each s e t  o f va lu es  o f  (v ’ ,1 ) and ( y " , 0 ) ,  th e  two numbers 






v"=0 1 2 3 4 5




























































































TABLE X III . A comparison o f  r o ta t io n a l  e f f e c t  on FCF c a lc u la te d  from
RKR and PMO p o te n t ia ls  fo r  th e  A^Zy* - system in  CA2 . For each
s e t  o f  va lues o f  (v ',5 1 )  and (v " ,5 0 ) , th e  two numbers a re  FCF's
c a lc u la te d  from RKR^  and PMO p o te n t ia l s  r e s p e c tiv e ly .
J "  = 50





















































(a) R eference (18)
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TABLE XIV.
O rthonorm ality  o f  th e  p e rtu rb ed  Morse w avefunctions
fo r  th e  * s t a t e s  o f  Cao fo r  th e  d i f f e r e n t  va lu es  o f  J .  u ^









Franck-C ondon-factor a rray s  a re  very  im portan t q u a n t i t ie s  in  
sp ec tro scopy , m olecu lar ph y sics  and a s tro p h y s ic s . The accuracy  w ith  
which one can c a lc u la te  a g iven Franck-Condon f a c to r  depends upon th e  
accuracy o f  th e  v ib r a t io n a l  w avefunctions. This in  tu rn ,  depends 
upon th e  e x te n t to  which th e  in te rn u c le a r  p o te n t ia l  used in  th e  
Schr'ôdinger eq u a tio n  t r u ly  re p re se n ts  th e  p o te n t ia l  o f  th e  m olecule 
and a lso  upon th e  method used in  so lv in g  th e  SchrO dinger eq u a tio n .
Most o f  th e  p u b lish ed  FCF were c a lc u la te d  from e i th e r  a Morse 
p o te n t ia l  o r  an RKR p o te n t i a l .  There i s  no doubt th a t  use  o f  th e  
RKR method w il l  r e s u l t  in  r e l i a b l e  va lues o f  th e  FCF, b u t RKR c a lc u ­
la t io n s  a re  very  com plicated . Since th e  Morse p o te n t ia l  i s  a good 
approxim ation to  th a t  o f  a c tu a l m olecules fo r  sm all v ib ra t io n a l  le v e ls ,  
and s in ce  i t  has a n a ly t ic  e ig e n fu n c tio n s , i t  i s  much more convenient 
to  u se . The au th o r o f  Ref. (23) showed th a t  f o r  most d ia tom ic  mole­
cu les th e  d if fe re n c e s  between FCF values c a lc u la te d  from RKR and pure 
Morse p o te n t ia l s  a re  n o t more than  10% fo r  sm all v ib ra t io n a l  t r a n s i ­
t io n s .
The PMO p o tn e t ia l  i s  a good approxim ation to  th e  tm ie i n t e r ­
n u c lea r p o te n t ia l  f o r  most d ia tom ic m olecules. We b e lie v e  th a t  FCF
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c a lc u la te d  from PMO w avefunctions a re  n e a r ly  as good as FCF c a lc u la te d  
by using  RKR a n a ly s is  fo r  low -ly ing  s t a t e s .  In Tables I I I -V I I I  we 
compared FCF c a lc u la te d  from PMO and RKR p o te n t ia l ;  th e  ta b le s  show 
th a t  our PMO values a re  in  good agreement w ith  RKR r e s u l t s .
In  c o n tra s t  to  th e  RKR method, our PMO c a lc u la t io n  i s  very 
easy , being no more d i f f i c u l t  than  a Morse c a lc u la t io n . Our method 
o f  g en era tin g  th e  Morse fu n c tio n  by using  re c u rs io n  r e la t io n  (2 .7) 
i s  s im pler and more e f f i c i e n t  in  num berical c a lc u la tio n s  than  the  
o ld  method using  co n flu en t hypergeom etric fu n c tio n s .
PMO c a lc u la tio n s  a re  very a cc u ra te  and give much b e t t e r  r e ­
s u l t s  than  th e  pure Morse method fo r  moderate va lu es  o f  v . But i t  
i s  le s s  a ccu ra te  fo r  th e  e le c tro n ic  s ta t e s  fo r  which PMO c o e f f ic ie n ts  
b ^ 's  a re  la rg e  and in c re a s in g  w ith  n . I t  f a i l s  to  produce th e  c o rre c t  
r e s u l t s  fo r  th e  h ig h e r v ib ra t io n a l  le v e ls  (n ear th e  bound lim it)  be­
cause the  p e r tu rb a tio n  expansion converges po o rly  fo r  th ese  
le v e ls ,  a c tu a l ly  d iv e rg in g  a t  th e  d is s o c ia t io n  l im i t .
APPENDIX A
PERTURBATION FORMALISM
For a p e r tu rb a tio n  H' = XV, th e  approxim ate e ig en fu n ctio n s  
c o rre c t to  f i f t h  o rd e r in  th e  param eter X a re  given by
= <=vk’ kkMv k^v k?v
I dvk ?k * AS I e„w fg ,vk kk?Ev k^v
where th e  c o e f f ic ie n ts  a^j^, b^^, c^^^ and d^^ a re  g iven by
Hvk
vk k  V ,
vk E^ - E^ \ k  ^vv
- V
^vn'^kn ^ ^kn^nv





vk Ev -  Ek
1 1 1 ^km "mn ^n& ^&v
n m Ï  - y  - :n )
I Î  « w % " n m v {(E ^ -E -n E 7 E ; î * * t b t ê j t ê t ë j }
I  I "vn^hv^kofrnv {(E^-E^) * CE„-E„)}V m'
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+ I  a
m
;2. _ w  mv V k'*'' V
y 2H a, a ^ vv kv. mvm vv ^kv ^vm ^vm
(AS)
where th e  m atrix  elem ents H a re  d e fin ed  bynm
H = /  yO H, yO dx .•nm * m n CA6)n  ■' m n 
The g en era l exp ress io n  fo r  th e  f i f t h  o rd e r p e r tu rb a tio n  i s  
very  com plicated . S ince th e  only f i f th - o r d e r  p e r tu rb a tio n  we re q u ire  
i s  th e  lo w est-o rd e r term  o f  A^, and s in ce  = 0 fo r  t h i s  c ase , we 
can use th e  fo llow ing  ab b rev ia ted  form f o r  e^^:




1 J E -E ^n^v V n •’
^km^mJi^Av
I I  (E -E 1




4 E -E 
m ^v V m Ev-Em Ev-Ek
^kv (A7)
APPENDIX B
EXPANSIONS OF [EXP(au)-1]” NEEDED FOR PERTURBATION CALCULATIONS
Here a re  th e  b a s ic  eq u atio n s  which we used to  c a lc u la te  th e
c o e f f ic ie n ts  a^^, c^j^, and e^^. In  each eq u a tio n , term s
l ik e  G tc. appear; th e se  s tan d  fo r  + ^ -l '^v -1 ’
[ e x p ( a u ) - l ] ,^ =  ^
+ P n  + 7 /4 (n±% ^ 79/32(n±% )2+l/8 ^
±1 *■ a 0^
+ 407/128 (n±%) 3 ^ 15 /32 (n+% . .
J v+'j
[ex p C au )-!]^ » , = [1  .  * 2 2 2 ^ ^ 1 ^
* P r'Kiat»;-) ^ n(n±Ip^*2  ^ 2 2 7 /8 C n ± % )3 ,1 2 (n ± % ),,y
+ 1 L rr «3 J 1±1 *• CT V±1
P , , [1 .  .  8 C n t l ) | . 2 3 / H ; . (b2)
[ e x p C a u ) - l lX =
. „ r3/2(n±% ) . 1 5 9 /8 Cn±Î5) 2 + 9 /2  . 5241 /64(n ±& 03+ 807/16(n± % )n ..
P ± il 5 •" ^  ^  ^^v±i
„ r6(n±l) . 30Cn±l) +27/4 . 183Cn±l)3+879/16(n±l>,,„
^±2^ a 02 0^  ^ v±2
+ p^^[i + 21 /4 (n ± 3 /2 )  ^ 5 3 1 /3 2 (n ± 3 /2 )2 + 9 /4 ]T . (gs)
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[ex p (3 U )- l ]4 ,Y  = [3/2n=+3/8 * 6 9 /2 n 3 n 8 7 /8 n   ^ 1715/8n-.^ 5 0 5 /1 6 n jj^ ^
, p rl2(n±% )2+4 , 1 1 3 (n±Î2) 3 + 9 5 (n±%),
+ L ^  + ^3 J ^ V±1
. p r2(n±l)  ^ 58 (n ± l)2+51/4.
±2^ a 02 J vt2
 ^ p r8 (n ± 3 /2 )   ^ 54(n±3/2)^+16,
+31 a 02  ^ vk3
* P±4[l * : (84)
texpCau)-l]=7^ = [ I S n l ^  ,  4 W 2 n ^ H 4 0 5 ^ , , ^
. „ r5/2(n±%)2+5/4 . 6 5 5 /8 Cn±%D3+1475/16(n±%)„„
+ P+1^-------- 52----------- + -------------------- F3--------------------- J ^ v t l
.n  rS/2(n±3/2] . 395/8Cn±3/2)2+ 9/ 4 ,,,,
+ ^ ±3^ 0  02 J^v±3
+ p rl0(n±2) I '.,
+ 4 1 a J v±4 
+ P+gtl * 3 5 /4 (n z 5 /2 ) ] ,^^^ : (85)
[ e x p ( a u ) - l ) 6?^ = [ V 2 n ^ 2 j / 8 a  ,  4 6 5 /4 n V l0 0 5 /4 n ^ j ,^
.  p  , 30 (n ± % )3 .4 5 (n ± % ),_ . p , l S / 4 ( n ± l ) 2 + 1 5 /1 6 .
i l* -  03 -(^v+1 ±2^ 02  ^ v+2
+ p r30(n±3/2)2+20.^ „ r3(n±2). ^
± 3 1  5 2  J ^ v+3 ± 4 1  a •* v±4
* P , ^ [ i i ( l f ^ ] 7 ^ 5  .  ; CB6)
[ e x p ( a u ) - l ] \  = 
p rl0 5 ( n + l ) 3+875/8(n ± l) .
±2 *- 03 J^v+2
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+ p  r2 1 / 4 ( n ± 3 / 2 ) 2 + 2 1 / 4 ,  + p  r4 2 ( n ± 2 ) 2 + 3 5
^±3^ Ô? J v±3 ±4*- J v±4
+ p r7/ 2 [n±5 / 2)iij, p r l4_[n±^i^
^±51 a J v±5 ^±6^ 0 ■' v+6
+ P±7?v±7 ' (B?)
Here i s  given by
p _ rCn+%)(n±3/2) . . . (n+m+%)-.^ rgg^
±m " ^1¥] ~  ^ '
and term s fo r  bo th  ±m a re  to  be in c lu d ed .
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